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SUPERCONFORMAL STRUCTURES ON
GENERALIZED CALABI-YAU METRIC MANIFOLDS
REIMUNDO HELUANI1 AND MAXIM ZABZINE2
Abstract. We construct an embedding of two commuting copies of the N = 2
superconformal vertex algebra in the space of global sections of the twisted
chiral-anti-chiral de Rham complex of a generalized Calabi-Yau metric mani-
fold, including the case when there is a non-trivial H-flux and non-vanishing
dilaton. The 4 corresponding BRST charges are well defined on any gener-
alized Ka¨hler manifold. This allows one to consider the half-twisted model
defining thus the chiral de Rham complex of a generalized Ka¨hler manifold.
The classical limit of this result allows one to recover the celebrated gener-
alized Ka¨hler identities as the degree zero part of an infinite dimensional Lie
superalgebra attached to any generalized Ka¨hler manifold. As a byproduct
of our study we investigate the properties of generalized Calabi-Yau metric
manifolds in the Lie algebroid setting.
1. Introduction
On a Ka¨hler manifold one has a decomposition of the sheaf of differential forms
into a bi-complex (∧p,qT ∗, ∂, ∂). An analog of such a decomposition exists for any
generalized Ka¨hler manifold [12]. The aim of this article is to provide an affine or
chiral analog of this result in the case when the manifold is generalized Calabi-Yau
metric, extending thus the results in [14] and producing the quantum counterpart
of the results in [3, 25].
To any differentiable manifold M one can associate a sheaf of vertex algebras
CDR(M) [20]. More generally, given any Courant algebroid E one constructs a
sheaf of SUSY vertex algebras U ch(E) [14]. When E is endowed with a generalized
Calabi-Yau structure, there is an embedding of the N = 2 superconformal vertex
algebra into the global sections of U ch(E) [16]. In the usual Calabi-Yau case, it
was shown in [14] that one can in fact construct two commuting copies of the
N = 2 superconformal structure, each with central charge 32dimM . In this article
we combine and generalize these results to the case when E is endowed with a
generalized Calabi-Yau metric structure as defined in [11].
An interesting new phenomenon in this article is that in the presence of a non-
trivial H-flux, the dilaton field plays a crucial role in all of our formulas. This
feature is well known in the physics literature.
On a given Ka¨hler manifoldM with Hermitian metric g, the existence of a global
holomorphic volume form Ω is intimately related with the vanishing of the Ricci
curvature of g and with the fact that the holonomy of M reduces to SU(n). The
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metric g gives rise to a volume form volg and the global holomorphic volume form
satisfies Ω ∧ Ω = volg. The volume form Ω is covariantly constant with respect to
the Levi-Civita connection of g and the vanishing of the Ricci tensor is expressed
in holomorphic coordinates by ∂α∂β¯ log
√
det g = 0. In the generalized Ka¨hler
case the situation is subtler. There exists a dictionary between generalized Ka¨hler
manifolds and bihermitian manifolds [11]. The latter are bihermitian manifolds
(M,J±, g) with two connections ∇± with torsion encoded by a closed three form
and such that ∇±J± = 0. To the data of a generalized Calabi-Yau metric manifold
we can associate two holomorphic volume forms Ω± which are holomorphic with
respect to J±. These in turn give rise to a unique volume form ν = Ω± ∧ Ω± and
the ratio between this volume form and the Riemannian volume form defines the
dilaton Φ by ν = e−4Φ volg. It is not the holomorphic volume forms Ω± that enter
in the fields of the N = 2 structure, but rather the forms corrected by the dilaton
e−2ΦΩ± which become covariantly constant with respect to ∇±. The analogous
statement to the vanishing of the Ricci tensor becomes
∂α∂β¯
(
log
(
e−4Φ
√
det g
))
= 0,
where we use holomorphic coordinates for either complex structure. We show in
Section 6 that these statements correspond to the unimodularity of the Lie alge-
broids corresponding to the generalized complex structures J1,2.
The existence of N = 2 superconformal supersymmetry allows us to perform
a topological twist and in particular consider the BRST cohomology. When we
have two commuting copies of the superconformal algebra we may perform the
topological twist in one of the two sectors, say the plus sector, and consider its
BRST cohomology. Carrying out this construction on a generalized Calabi-Yau
metric manifold, produces a sheaf of SUSY vertex algebras with a remaining N = 2
superconformal structure (that of the minus sector). In the case when M is a usual
Calabi-Yau manifold, this sheaf is isomorphic to the chiral de Rham complex of M
defined in [20], together with its topological structure. Moreover, since in order to
consider the BRST cohomology we need only the zero modes of fields to be well
defined (as opposed to the full superconformal algebra) we may perform the above
mentioned half-twisting procedure to obtain a sheaf of SUSY vertex algebras on any
generalized Ka¨hler manifoldM , we call this sheaf the chiral de Rham complex of M ,
a name that is justified since in the usual Ka¨hler case we recover the construction
of [20] in the holomorphic setting.
In the usual Ka¨hler case, the holomorphic chiral de Rham complex of M can be
described purely in terms of holomorphic data by generators and relations. The
interpretation of this sheaf as a half-twisted model was given in [24] and in the
supersymmetric setting in [18]. The situation in the generalized Ka¨hler case is
subtler since there is no obvious notion of what “holomorphic data” means. In
Theorem 3 below, we give such a description, after developing rudimentary notions
of differential calculus on generalized Ka¨hler manifolds. This result extends that of
[24] [18] to the generalized Ka¨hler case with or without H-flux, while at the same
time we find an interesting new spin (see Remark 8). In the bihermitian setup one
can attach (a twisted version of) the holomorphic chiral de Rham complex of [20]
to each one of the two Hermitian complex structures. We show that these sheaves
agree with the ones constructed by BRST reduction.
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The existence of two commuting conformal structures allows us to consider
U ch(E) as a formal Hamiltonian quantization of the sigma-model with target a
generalized Calabi-Yau metric manifold. In general, consider a vertex algebra
V endowed with two commuting Virasoro fields L±(z). Suppose moreover that
L = L++L− is a conformal structure on V [17] i.e. L0 acts diagonally and L−1 = T ,
the translation operator on V . Consider the formal change of coordinates z = eiσ
and the Hamiltonian
H = i
∫ (
L+ − L−) dσ . (1.1)
For any state a ∈ V , we can impose the equations of motion
∂τY (a, σ) = [Y (a, σ), H ] , (1.2)
to obtain a state field correspondence a 7→ Y (a, σ, τ) = Y (a, z, z¯), where z = eiσ+τ ,
and z¯ = eiσ−τ , so that the zero mode of L+ acts as as ∂z and the zero mode of
L− acts as ∂z¯. With these considerations, we obtain the equations of motion for
the quantum non-linear sigma model with target a generalized Calabi-Yau metric
manifold, very much in analogy to standard Calabi-Yau story [7].
The organization of this article is as follows. In section 2 we fix notations and
briefly recall the definitions of SUSY vertex algebras. In section 3 we recall the
basic definitions of generalized Ka¨hler and Calabi-Yau metric manifolds. In section
4 we recall the construction of the sheaf of SUSY vertex algebras U ch(E). In section
5 we recall the connection with bihermitian geometry and we introduce the basic
local coordinate frames that will play an important role in the computations in
latter sections. In section 6 we collect some useful Lemmas about unimodularity
in generalized Calabi-Yau metric manifolds, we collect some results scattered in
the literature and produce some new ones. In particular, we clarify the connection
between generalized Calabi-Yau metric manifolds as in [11] and their bihermitian
counterpart. In section 7 we state and prove the main results of this article. In
section 8 we study the topological twists and corresponding BRST cohomologies.
We define here the chiral de Rham complex for a Generalized Ka¨hler manifold.
We develop in this section the rudiments of differential calculus on generalized
Ka¨hler manifolds and show that the chiral de Rham complex can be described
entirely interms of holomorphic data. In section 9 we present a brief summary and
discussion of the results in the present article.
Acknowledgements: We thank Nigel Hitchin, Chris Hull, Ulf Lindstro¨m, Ma-
ciej Szczesny, Rikard von Unge and Frederik Witt for the discussions for this and
related subjects. In particular we are grateful to Jian Qiu for inspiring discussions
and a few useful suggestions. The research of R.H. was supported by NSF grant
DMS-0635607002. The research of M.Z. is supported by VR-grant 621-2008-4273.
2. Preliminaries on SUSY vertex algebras
In this section we collect some results on SUSY vertex algebras from [15].
Definition 1 ([15]). An NK = 1 SUSY vertex algebra consists of the data of a
vector space V , an even vector |0〉 ∈ V (the vacuum vector), an odd endomorphism
S (whose square is an even endomorphism we denote T ), and a parity preserving
linear map A 7→ Y (A, z, θ) from V to End(V )-valued fields (the state-field corre-
spondence). This data should satisfy the following set of axioms:
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• For any A, Y (A, z, θ) is a field, namely
Y (A, z, θ)B ∈ V [[z]][θ], ∀B ∈ V ,
• Vacuum axioms:
Y (|0〉, z, θ) = Id,
Y (A, z, θ)|0〉 = A+O(z, θ),
S|0〉 = 0.
• Translation invariance:
[S, Y (A, z, θ)] = (∂θ − θ∂z)Y (A, z, θ),
[T, Y (A, z, θ)] = ∂zY (A, z, θ).
• Locality:
(z − w)n[Y (A, z, θ), Y (B,w, ζ)] = 0, n≫ 0.
Given a NK = 1 SUSY vertex algebra V and a vector A ∈ V , we expand the
fields
Y (A, z, θ) =
∑
j∈Z
J=0,1
Z−1−j|1−JA(j|J),
and we call the endomorphisms A(j|J) the Fourier modes of Y (A,Z). Define now
the operations:
[AΛB] =
∑
j≥0
J=0,1
Λj|J
j!
A(j|J)B,
AB = A(−1|1)B.
(2.1)
The first operation is called the Λ-bracket and it encodes all the information in the
OPE of the superfields Y (A, z, θ) and Y (B, z, θ). The second operation is called
the normally ordered product, the set of axioms that these operations satisfy are
summarized in Appendix A
3. Preliminaries in geometry
In this section we recall the basic definitions of generalized complex geometry
following [11] and [13].
Let M be a smooth manifold and denote by T the tangent bundle of M .
Definition 2. A Courant algebroid is a vector bundle E over M , equipped with
a nondegenerate symmetric bilinear form 〈, 〉 as well as a bilinear bracket [, ] on
C∞(E) and with a smooth bundle map π : E → T called the anchor.
These structures should satisfy the following five axioms
(1) π([A,B]) = [π(A), π(B)], ∀A,B ∈ C∞(E).
(2) The bracket [, ] should satisfy the Leibniz identity.
[A, [B,C]] = [[A,B], C] + [B, [A,C]], ∀A,B,C ∈ C∞(E)
(3) [A, fB] = f [A,B] + (π(A)f)B, for all A,B ∈ C∞(E) and f ∈ C∞(M),
(4) 〈A, [B,C] + [C,B]〉 = π(A)〈B,C〉, ∀A,B,C ∈ C∞(E)
(5) π(A)〈B,C〉 = 〈[A,B], C〉 + 〈B, [A,C]〉, ∀A,B,C ∈ C∞(E).
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We can introduce a natural differential operatorD : C∞(M)→ C∞(E) as 〈Df,A〉 =
1
2π(A)f for all f ∈ C∞(M) and A ∈ C∞(E). Thus property (4) becomes
[B,C] + [C,B] = D〈B,C〉 .
Another useful identity implied by the definition is π ◦ D = 0, i.e. 〈Df,Dg〉 =
0, ∀f, g ∈ C∞(M). The bracket [, ] is called the Dorfman bracket, in some situ-
ations it is convenient to use the antisymmetric version, the Courant bracket [ , ]c
which is related to Dorfman bracket as follows
[A,B] = [A,B]c +D〈X,Y 〉. (3.1)
A Courant algebroid E is called exact if the following sequence is exact:
0→ T ∗ pi
∗
−→ E pi−→ T → 0,
where we use the inner product in E to identify it with its dual. In this case
it is possible to choose an isotropic splitting s : T → E for π giving rise to an
isomorphism E ∼= T ⊕T ∗ taking the Dorfman bracket to that given in the example
below.
Example 1. E = (T ⊕T ∗)⊗C, 〈, 〉 and [, ] are respectively the natural symmetric
pairing and the Dorfman bracket defined as:
〈X + ζ, Y + η〉 = 1
2
(iXη + iY ζ) .
[X + ζ, Y + η] = [X,Y ] + LieXη − iY dζ + iY iXH ,
where H is a closed three form.
In the rest of this article all Courant algebroids will be assumed to be exact
unless noted.
Definition 3 ([11, 4.14]). A generalized almost complex structure on a real 2n-
dimensional manifold M is given by the following equivalent data:
• an endomorphism J of E which is orthogonal with respect to the inner
product 〈, 〉 and J 2 = −1.
• a maximal isotropic sub-bundle L ⊂ E⊗C of real index zero, i.e. L∩L¯ = 0.
• a pure spinor line sub-bundle U ⊂ ∧∗ T ∗ ⊗ C, called the canonical line
bundle satisfyinng (ϕ, ϕ¯) 6= 0 at each point x ∈M for any generator ϕ ∈ Ux.
Here ( , ) : ∧∗T ∗ ⊗ ∧∗T ∗ → detT ∗ is the Mukai pairing which is an invariant
bilinear form on the spinors of E ∼= T ⊕ T ∗ defined as
(ϕ, ψ) ≡ [ϕ⊤ ∧ ψ]top ,
where ϕ⊤ denotes the antiautomorphism of the Clifford algebra applied to ϕ, see
[13] for an extensive explanation on the subject.
The fact that L is of real index zero implies
E ⊗ C ≃ (T ⊕ T ∗)⊗ C = L⊕ L¯ = L⊕ L∗,
using 〈, 〉 to identify L¯ with L∗.
Definition 4 ([11, 4.18]). A generalized almost complex structure J is said to be
integrable to a generalized complex structure when its +i-eigenvalue L ⊂ E ⊗C is
Courant (Dorfman) involutive.
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We refer to a manifold admitting integrable generalized complex structure as
generalized complex manifold.
Proposition 1 ([19, 13]). Every generalized complex manifold is a Poisson mani-
fold, i.e. it admits a bivector P = P ij∂i ∧ ∂j such that
P ik∂kP
jl + P jk∂kP
li + P lk∂kP
ij = 0 .
We refer to such P as Poisson structure.
In this case, (L,L∗) is a Lie bi-algebroid (that is, both L and its dual L∗ are
naturally Lie algebroids in a suitably compatible manner), and E ⊗ C could be
viewed as its Drinfeld double. Note that E acts on the sheaf of differential forms∧•
T ∗ via the spinor representation, and this sheaf acquires a different grading by
the eigenvalues of J acting via the spinor representation:∧
T ∗ = U−n ⊕ · · · ⊕ Un. (3.2)
Clifford multiplication by sections of L (resp. L) increases (resp. decreases) the
grading. U−n = UJ is called the canonical bundle of (M,J ).
Definition 5. A generalized complex manifold (M,J ) is called generalized Calabi-
Yau if the bundle UJ is holomorphically trivial. This is equivalent to the existence
of a nowhere vanishing global section ρ ∈ C∞(UJ ) (a non-vanishing pure spinor)
satisfying dHρ = 0, where dH = d+H∧ is the twisted de Rham differential.
Definition 6 ([11, Def. 6.3]). A generalized Ka¨hler structure is a commuting
pair (J1,J2) of generalized complex structures such that G = −J1J2 is a positive
definite metric on E.
Example 2. Let (g, J, ω) be a usual Ka¨hler manifold, then the following generalized
complex structures:
J1 =
(−J 0
0 J∗
)
, J2 =
(
0 ω−1
−ω 0
)
(3.3)
commute and
G = −J1J2 =
(
0 g−1
g 0
)
(3.4)
is a positive definite metric on T ⊕ T ∗.
The following notation is taken from [11]. Since J1 and J2 commute, we have
the following decomposition
E ⊗ C ∼= (T ⊕ T ∗)⊗ C = L+1 ⊕ L−1 ⊕ L+1 ⊕ L−1 , (3.5)
where L1 = L
+
1 ⊕ L−1 is the +i eigenvalue bundle for J1 and L2 = L+1 ⊕ L−1 is the
+i eigenvalue bundle for J2. The Courant integrability of both J1 and J2 imply
that each of the terms in the RHS of (3.5) is Courant involutive. If we define C±
to be the ±1 eigenbundle of G, we obtain that
C± ⊗ C = L±1 ⊕ L±1 , (3.6)
Note that C+ (resp C−) is positive definite (resp. negative definite) with respect
to the inner product on E.
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Definition 7. A generalized Calabi-Yau metric manifold is a generalized Ka¨hler
manifold (M,J1,J2) such that both (M,J1) and (M,J2) are generalized Calabi-
Yau with the corresponding dH -closed pure spinors ρ1 and ρ2 satisfying the follow-
ing normalization condition
(ρ1, ρ1) = c(ρ2, ρ2) (3.7)
for some constant c.
Example 3. Let M be a usual Calabi-Yau manifold. We have the pure spinors
ρ1 = Ω, ρ2 = e
iω, (3.8)
where ω is the symplectic form and Ω is the holomorphic volume form. We have
(eiω , e−iω) = (−1)m(m−1)/2(Ω,Ω), (3.9)
that is, c = (−1)m(m−1)/2 where m = dimM .
4. Sheaves of vertex algebras
In this section we recall some results from [10] and [4] in the language of SUSY
vertex algebras, following [14]. In this section we do not require the Courant alge-
broid E to be exact. The construction of the chiral-anti-chiral de Rham complex
parallels that of the sheaf of (twisted) differential operators from a Lie algebroid
(cf. Prop 2 below).
Let (E, 〈, 〉, [, ], π) be a Courant algebroid. Let ΠE be the corresponding purely
odd super vector bundle. We will abuse notation and denote by 〈, 〉 the corre-
sponding super-skew-symmetric bilinear form, and by [, ] the corresponding degree
1 bracket on ΠE. Similarly, we obtain an odd differential operator D : C∞(M)→
C∞(ΠE). If no confusion should arise, when v is an element of a vector space V ,
we will denote by the same symbol v the corresponding element of ΠV , where Π is
the parity change operator.
The following proposition from from [14] describes the construction of the chiral
de Rham complex in parallel to the construction of twisted differential operators
given a Lie algebroid:
Proposition 2. For each complex Courant algebroid E over a differentiable man-
ifold M , there exists a sheaf U ch(E) of SUSY vertex algebras on M generated by
functions i : C(M) →֒ U ch(E), and sections of ΠE, j : C(ΠE) →֒ U ch(E) subject
to the relations:
(1) i is an “embedding of algebras”, i.e. i(1) = |0〉, and i(fg) = i(f) · i(g),
where in the RHS we use the normally ordered product in U ch(E).
(2) j imposes a compatibility condition between the Dorfman bracket in E and
the Lambda bracket in U ch(E):
[j(A)Λj(B)] = j([A,B]) + 2χi(〈A,B〉).
(3) i and j preserve the O-module structure of E, i.e. j(fA) = i(f) · j(A).
(4) D and S are compatible, i.e. jDf = Si(f).
(5) We impose the usual commutation relation
[j(A)Λi(f)] = i(π(A)f).
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In the particular case when E = (T ⊕ T ∗) ⊗ C is the standard Courant algebroid
with H = 0, then U ch(E) is the chiral-anti-chiral de Rham complex of M as in [20],
denoted by ΩchM for historical reasons
1.
Using this proposition, we will abuse notation and use the same symbols for
sections of E ⊗ C when they are viewed as sections of U ch(E).
5. Bihermitian setup
Following [11], we discuss the bihermitian description of generalized Ka¨hler ge-
ometry which we are going to use extensively later on. Let (M,J1,J2) be a gener-
alized Ka¨hler manifold as in Definition 6.
The projection π : E ∼= T ⊕ T ∗ → T induces isomorphisms π± : C± ∼−→ T .
We use these isomorphisms to transport structures from C± to T . Restricting
the natural symmetric and skew-symmetric pairings on T ⊕ T ∗ to C± we obtain
Riemannian metrics and two forms on both of C±. We can transport these via π
±
to T obtaining b ± g, where b is a two form, and g is a Riemannian metric. Since
C± are stable under both J1 and J2, we obtain complex structures on both of them
which are compatible with the inner product. Projecting J1 with π± we obtain two
Hermitian almost complex structures J± on T . Since J1 = ±J2 in C± we would
obtain the same data projecting J2. Finally let ω± = gJ±.
We have constructed the data (g, b, J+, J−) from (J1,J2). It is easy to show
that the latter can be recovered from the former as
J1,2 = 1
2
(
1 0
b 1
)(
J+ ± J− −
(
ω−1+ ∓ ω−1−
)
ω+ ∓ ω− −
(
J∗+ ± J∗−
) )( 1 0−b 1
)
. (5.1)
The projection π identifies
π : L±1
∼−→ T 1,0± , (5.2)
Indeed writing explicitly π we get
L±1 =
{
X + (b∓ iω±)X |X ∈ C∞(T 1,0± )
}
. (5.3)
We can now write the integrability conditions for a generalized Ka¨hler structure in
terms of the bihermitian data. Here we review the relevant results.
Proposition 3 ([11]). The complex structures J± coming from a generalized Ka¨hler
structure are integrable and the forms ω±, b and H satisfy
dc±ω± = ±(db+H) (5.4)
where dc± = i(∂± − ∂±) and ∂± is the ∂ operator for the complex structure J±.
Proposition 4 ([11]). Let (g, b, J±) be the bihermitian data obtained from a gen-
eralized Ka¨hler manifold. Define two connections
∇± = ∇± 1
2
g−1(db +H) , (5.5)
where ∇ is the Levi-Civita connection for g. We obtain ∇±J± = 0 and (db+H) is
of type (2, 1) + (1, 2) with respect to both J±.
1We call this sheaf chiral-anti-chiral as in [9] not to confuse it with the holomorphic chiral de
Rham complex.
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Remark 1. As far as the bihermitian picture is concerned the only data we use
is the combination db + H which gives rise to a closed 3 form. In view of this
statement, we may replace H by H + db in the definition of the Courant algebroid,
hence we may assume that b = 0 in all formulas. Thus without loss of any generality
we can set b to zero in all above propositions and use only H. This is what we do
in the rest of paper.
Remark 2. The generalized complex structures J1,2 give rise to the following Pois-
son tensors
P1,2 = −ω−1+ ± ω−1− . (5.6)
Below we will need some properties of the Bismut connection ∇±. For each
complex structure J± we choose a holomorphic system of coordinates {zα±}. We
will use Greek subindexes when using these coordinate systems while we use Latin
subindexes for a general coordinate system. Since the Hermitian complex structures
are covariantly constant
∇±J± = 0⇒ J±ij ,k = Γ
±l
kjJ±
i
l − Γ±ikl J±lj , (5.7)
where
Γ±lkj = Γ
±l
kj ± glsHskj (5.8)
where Γ±lkj are the Christoffel symbols of the Levi-Civita connection for g. In the
coordinate system {zα±} these imply
Γ±α
iβ¯
= Γ±α¯iβ = 0 ∀α, β, i, (5.9)
and from these we infer:
Γ±α
β¯α
= ±Hβ¯αγ¯gαγ¯ , Γ±α¯βα¯ = ±Hβα¯γgγα¯ . (5.10)
We also define the following one forms
v±i = J
j
±i∇kJk±j = Jj±i∇±k Jk±j ∓
1
2
Jj±iHklmg
kmJ l±j ±
1
2
Jj±iHkjmg
mlJk±l
= ±1
2
Jj±iJ
k
±lg
mlHkjm , (5.11)
which in the holomorphic coordinate system {zα±} looks like
2v±α = ∓Hβαγ¯gβγ¯ ±Hβ¯αγgγβ¯ = ∓2Hβαγ¯gβγ¯ = −2Γ±β¯αβ¯ . (5.12)
Similarly we obtain
2v±α¯ = ∓Hβ¯α¯γgγβ¯ ±Hβα¯γ¯gβγ¯ = −2Γ±βα¯β . (5.13)
It is convenient to introduce local frames on E adapted to the decomposition (3.5).
According to (5.3) we can choose local frames for L±1 given by
e±α =
∂
∂z±α
± gαβ¯dz±β¯ (5.14)
with dual frames on L±1
eα± = ±gαβ¯e±β¯ := ±gαβ¯
(
∂
∂z±
β¯
± gγβ¯dz±γ
)
=
(
dz±α ± gαβ¯
∂
∂z±
β¯
)
. (5.15)
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With respect to complex conjugation we have the following properties
e±α¯ = e
±
α = ±gα¯βeβ± , (5.16)
where these expressions are written in the holomorphic coordinate system for J±
correspondingly. One can easily calculate some of the Dorfman brackets
[e±α , e
±
β ] = 0 , [e
α
±, e
β
±] = 0 , (5.17)
while other brackets are non-trivial.
6. Unimodularity as twisted Ricci-flatness
In this section we prove some useful identities about the divergences of the local
frame elements {e±α} and the corresponding statements in terms of the bihermitian
data. First we recall some basic notions from the theory of Lie algebroids and
generalized complex geometry.
Recall that given any Lie algebroid L over M , we can define a differential dL :
C∞(M) → C∞(L∗) as (dLf)(l) = πL(l)f , where l is a section of L and πL is
the anchor map of L. This differential can be extended to
∧• L∗ by imposing the
Leibniz rule in the usual way (for ζ ∈ C∞(∧k−1 L∗)):
(dLζ)(l1, . . . , lk) =
∑
i
(−1)i+1π(li)ζ(l1, . . . , lˆi, . . . lk)+
∑
i<j
(−1)i+jζ([li, lj ], . . . , lˆi, . . . , lˆj, . . . , lk). (6.1)
The cohomologies of the complex (
∧•
L∗, dL) are denoted by H
•(L) and are called
the Lie algebroid cohomologies of L (with trivial coefficients).
Now let (M,J ) be a generalized complex manifold with trivial UJ . Given a
non-vanishing global section of UJ , we obtain an isomorphism of sheaves:
∧k L ≃ Uk−n , (6.2)
where Uk−n where defined in (3.2). The twisted de Rham differential can be split as
dH = ∂+∂¯ such that ∂ : Uk → Uk−1 and ∂¯ : Uk → Uk+1. Suppose moreover thatM
is generalized Calabi-Yau, in this case the isomorphism (6.2) allows us to identify
the complex (U•, ∂¯) with the complex computing the Lie algebroid cohomology of
L (using L¯ = L∗). Moreover, in this case, the Lie algebroids L and L∗ are both
unimodular, a notion due to Weinstein [22] that we now recall.
For a Lie algebroid L we have the corresponding sheaf of twisted differential
operators U(L). The sheaf detT ∗ is always a right twisted D-module, and the cor-
responding left U(L)-module is then the line bundle QL = detL⊗ detT ∗. Suppose
for simplicity that the line bundle QL is trivial, for each non-vanishing section s of
QL we can define θs ∈ C∞(L∗) by
θs(l)s = l · s,
where we use the left D-module structure of QL on the RHS. It turns out that θ
gives rise to a well defined element of H1(L,QL), the first Lie algebroid cohomology
of L with coefficients in QL (see [8] for details).
Definition 8 ([22]). A Lie algebroid L is called unimodular if the class θ ∈
H1(L,QL) above constructed vanishes.
We have the following Proposition (see for example [1, Theorem 10])
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Proposition 5. A generalized complex manifold M is generalized Calabi-Yau if
and only if UJ is trivial and L is unimodular.
In fact this can be refined as follows. Let (M,J ) be a generalized complex
manifold with topologically trivial canonical bundle. Let ρ be a non-vanishing
section of UJ . Integrability of J implies that there exists a unique χ ∈ C∞(L∗)
such that
dHρ = χ · ρ. (6.3)
There also exists a unique section ζ ∈ C∞(detL∗) such that
ρ¯ = ζ · ρ, (6.4)
Recall that the spinor ρ gives rise to a volume form
µ := (ρ, ρ¯) = [ρ⊤ ∧ ζ · ρ]top ∈ C∞(det T ∗) , (6.5)
where ( , ) is Mukai pairing. Therefore we can define the section s of detL⊗detT ∗
by s = ζ¯ ⊗ µ. We have the following
Proposition 6. The modular class θs is represented by 2χ.
Proof. Recall we have an isomorphism L ≃ L∗. This induces an isomorphism
detL ≃ detL∗. In the basis ∧ei and ∧ei this isomorphism is given by multiplication
by a function α2. It follows from (6.4) and its complex conjugate that ζζ¯ = 1. Let
{ei}, be a local frame for L with dual frame {ei}, we can locally write
ζ = e−iψ
√
α e1 ∧ · · · ∧ edimM ∈ C∞(detL∗). (6.6)
for a real function ψ. And we have
ζ¯ =
eiψ√
α
e1 ∧ · · · ∧ edimM ∈ C∞(detL). (6.7)
Since s = ζ¯ ⊗ µ = ζ¯ ⊗ (ρ, ζ · ρ) we may assume α = 1 and ψ = 0.
divµ(ei) · µ := −Liepiei µ = −dιi(ρ, ζ · ρ) (6.8)
where ιi · := π(ei) ·. Let us write ρ =
∑
p ρp where ρp ∈ C∞(∧pT ∗). Then we have:
ιi
[
ρ⊤ ∧ ζ · ρ] =∑
p
(−1)p−1 [ιiρp]⊤ ∧ ζ · ρ+
∑
p
(−1)pρ⊤p ∧ ιiζ · ρ, (6.9)
Now using that ei · ρ = 0 we have
ιi
[
ρ⊤ ∧ ζ · ρ] = −∑
p
(−1)p−1 [π∗(ei) ∧ ρp]⊤ ∧ ζ · ρ+
∑
p
(−1)pρ⊤p ∧ ιiζ · ρ,
=
∑
p
(−1)pρ⊤p ∧ π∗(ei) ∧ ζ · ρ+
∑
p
(−1)pρ⊤p ∧ ιiζ · ρ,
=
∑
p
(−1)pρ⊤p ∧ ei · ζ · ρ.
(6.10)
2We can always make this function equal 1 but we are interested in the frames (5.14) and
(5.15) adapted to the bihermitian structure, in which case α = log det g (cf. Remark 3) .
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Taking dH of this we obtain:
divµ(ei)µ = −
[
(dHρ)
⊤ ∧ ei · ζ · ρ
]
top
− [ρ⊤ ∧ dHei · ζ · ρ]top
= −[(χ · ρ)⊤ ∧ ei · ζ · ρ]top− [ρ⊤∧dHei · ζ · ρ]top = −(ei ·χ · ρ, ζ · ρ)− (ρ, dHei · ζ · ρ)
= −χ(ei)µ− (ρ, dHei · ζ · ρ) = −χ(ei)µ− (ρ, [dH , ei] · ζ · ρ)
= −χ(ei)µ− (ρ, [[dH , ei], ζ] · ρ)− (ρ, ζ · ei · χρ) = −2χ(ei)µ− (ρ, [[dH , ei], ζ] · ρ).
(6.11)
Where for any two elements a, b of the Clifford algebra of (E, 〈·, ·〉) we write [a, b] =
a · b − (−1)p(a)p(b)b · a. Using the fact that the Dorfman bracket is defined as a
derived bracket [13] we obtain:
divµ(ei)µ = −2χ(ei)µ− (ρ, [ei, ζ] · ρ). (6.12)
Since we have the equation
[ei, e
j] = cjki ek − cjikek, (6.13)
for some functions cjki and c
j
ik, we obtain
divµ(ei) = −2χ(ei) + cjij (6.14)
On the other hand, by definition of the modular class θs of the Lie algebroid L we
have
θs(ei) = c
j
ij − divµ(ei). (6.15)
From where we obtain that the modular class is represented by 2χ. 
We will also need the following
Proposition 7. On a generalized Calabi-Yau manifold with closed pure spinor ρ
and corresponding volume form (ρ, ρ¯) = µ, the divergence of the corresponding
Poisson structure P with respect to µ vanishes: divµ P = 0.
Proof. This proposition is a simple corollary of [13, Prop. 3.27]. The Poisson
structure, pure spinor and volume form are related by
ρ⊤ ∧ ρ¯ = e− iP2 µ . (6.16)
Since ρ is a pure spinor we have d(e−
iP
2 µ) = 0 from where the proposition follows.
We remind the reader that the divergence of a multivector is defined as follows
divµ P · µ = d(P · µ) , (6.17)
where by P ·µ we understand the contraction of the multivector P with the form µ.
Thus in local coordinates the divergence of the Poisson structure P can be written
as
(divµ P )
j =
1
µ˜
∂i(µ˜ P
ij) = ∂iP
ij + ∂i(log µ˜)P
ij , (6.18)
where the volume form µ = µ˜ dx1 ∧ ... ∧ dx2n. 
In the rest of this section we fix a generalized Calabi-Yau metric manifold
(M,J1,J2) with its two pure spinnors ρ1 and ρ2. Recall that we have the de-
composition (3.5) and we choose frames {e±α} for L±1 with dual frames {eα±}.
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Remark 3. Using the frames (5.14) and (5.15) we can explicitly identify the func-
tions α in (6.6). We obtain
ρ1 =
1√
det g
eiψ1e+1 ∧ . . . e+n ∧ e−1 ∧ · · · ∧ e−n · ρ¯1 ,
ρ2 = e
iψ2e+1 ∧ · · · ∧ e+n ∧ e1− ∧ · · · ∧ en− · ρ¯2 ,
(6.19)
for two real functions ψ1 and ψ2.
The pure spinors give rise to the volume forms:
(ρ1, ρ1) = c(ρ2, ρ2) = e
−2Φ volg , (6.20)
where volg is the volume form induced by the Riemannian metric g which can be
written in any coordinate system as
volg =
√
det g dx1 ∧ . . . dx2n, (6.21)
and Φ is a function showing the mismatch between the Riemannian volume form and
the volume form induced by the pure spinors. In the physics literature such function
Φ is called a dilaton and equation (6.20) should be regarded as the definition of the
dilaton.
Proposition 7 implies that the divergences of the Poisson structures P1 and P2
in (5.6) calculated with respect to e−2Φ volg are zero. Therefore the divergences of
ω−1± are zero:
1
e−2Φ
√
det g
∂i
(
e−2Φ
√
det g ωij±
)
= 0. (6.22)
This in turn implies
v± = −2dΦ , (6.23)
where the 1-forms v± are defined in (5.11). The relations (5.12) and (5.13) imply
2
∂
∂zα±
Φ = Γ±β¯
αβ¯
, 2
∂
∂zα¯±
Φ = Γ±βα¯β . (6.24)
Let us analyze unimodularity in this context. Recall that the manifolds (M,J1)
and (M,J2) are generalized Calabi-Yau therefore L1 = L+1 ⊕L−1 and L2 = L+1 ⊕L−1
are both unimodular. Not only the modular classes vanish but Proposition 6 says
that they are represented by zero (as opposed to an exact form) when using the
appropriate volume form. Define the structure functions
c±γαβ = 〈[e±α , e±β ], eγ±〉, dγαβ = 〈[e+α , e−β ], eγ+〉, eγαβ = 〈[e+α , e−β ], eγ−〉,
cαβ±γ = 〈[eα±, eβ±], e±γ 〉, dαβγ = 〈[eα+, eβ−], e+γ 〉, eαβγ = 〈[eλ+, eβ−], e−γ 〉,
(6.25)
where c±γαβ and c
αβ
±γ vanish if we use the coordinate frames (5.14) and (5.15). Using
(6.19) we compute explicitly the representatives of the modular classes for L1 and
L2 to obtain:
θ1(e
+
α ) = c
+β
αβ + e
β
αβ − div e+α + π(e+α ) · (− log
√
det g + iψ1) = 0 ,
θ2(e
+
α ) = c
+β
αβ − eβαβ − div e+α + π(e+α ) · (iψ2) = 0 ,
(6.26)
where the divergences are calculated with respect to µ = e−2Φ volg. Taking the
sum of the above expressions and using the coordinate frames (5.14) and (5.15) we
obtain:
∂
∂zα+
(
log(e−2Φ(det g)1/4) +
i
2
(ψ1 + ψ2)
)
= 0 . (6.27)
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Taking the derivative with respect zα¯+ of this equation and retaining the real part
we arrive to:
∂
∂zα+
∂
∂zβ¯+
(
log(e−4Φ
√
det g)
)
= 0 . (6.28)
We can derive the analogous statement for the complex structure J− by evaluating
θ1(e
−
α ) and θ2(e
−
α ). Equation (6.28) implies that
log
√
det g = ϕ± + ϕ¯± + 4Φ , (6.29)
where ϕ± is holomorphic with respect to the complex structure J± respectively. In
other words it implies that there exist non-vanishing holomorpic volume forms. In
local complex coordinates we write them as
Ω± = e
ϕ±dz1± ∧ . . . dzn±, (6.30)
such that
Ω± ∧ Ω± = e−4Φ volg .
We can rescale these nowhere vanishing forms
ζ± = e
2Φ+ϕ±dz1± ∧ . . . dzn± , (6.31)
such that ζ± ∧ ζ¯± = volg. Since g is parallel with respect to both ∇± we have:
∂zα±(log
√
det g) = Γ±βαβ + Γ
±β¯
αβ¯
, ∂zα¯±(log
√
det g) = Γ±β¯
α¯β¯
+ Γ±βα¯β . (6.32)
Using (6.24) we find the traces of the Christoffel symbols as:
Γ±βαβ = ∂zα±
(
ϕ± + 2Φ
)
, Γ±β¯
α¯β¯
= ∂zα¯±
(
ϕ± + 2Φ
)
. (6.33)
This implies that the forms ζ± are covariantly constant: ∇±ζ± = 0. Thus the
generalized Calabi-Yau metric manifold has SU(n) holonomy for ∇±.
Finally let us calculate some of the traces of structure functions which we will
need to use later. Using the explicit frames (5.14) and (5.15) a direct computation
shows
[e±α , e
α
±] = Γ
±α
βα
(
dzβ± ∓ gβγ¯∂zγ¯±
)
+ 2Γ±α
β¯α
dzβ¯ . (6.34)
Using (6.24) and (6.33) we can rewrite this as
[e±α , e
α
±] = dϕ
± ∓ g−1dϕ± − 2(∂±Φ± g−1∂±Φ) + 4dΦ , (6.35)
where d is de Rham differential and d = ∂±+∂
±
is the decomposition with respect
to the complex structures J± respectively. We are interested in the inner product
of this expression with e∓β and e
β
∓. Using the orthogonality of frames we obtain a
coordinate independent expression for (6.35):
〈[e±α , eα±], e∓β 〉 = 〈dϕ± ∓ g−1dϕ± + 4dΦ, e∓β 〉. (6.36)
This can easily be evaluated to obtain:
dααβ = −∂zβ−
(
ϕ+ + 2Φ
)
= −π(e−β )
(
ϕ+ + 2Φ
)
,
eαβα = ∂zβ
+
(
ϕ− + 2Φ
)
= π(e+β )
(
ϕ− + 2Φ
)
.
(6.37)
Similarly, taking the inner product with eβ∓ we obtain
dαβα = −gβγ¯− ∂zγ¯−
(
ϕ+ + 2Φ
)
= π(eβ−)
(
ϕ+ + 2Φ
)
,
eβαα = −gβγ¯+ ∂zγ¯
+
(
ϕ− + 2Φ
)
= −π(eβ+)
(
ϕ− + 2Φ
)
.
(6.38)
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In the next section we adopt the following short-hand notation for the action of the
anchor π
f ,α
±
= π(eα±)f , f,α± = π(e
±
α )f . (6.39)
Finally, we can now identify the functions ψ1/2 of (6.19) obtained in the generalized
Calabi-Yau metric context with their counterparts ϕ± obtained in the bihermitian
setup. Using the frames in (5.14)–(5.15) and taking the difference of the equations
in (6.26) we find:
2eβαβ + ∂zα+
(
iψ1 − iψ2 − log
√
det g
)
= 0. (6.40)
Comparing with the second equation of (6.37) we obtain
∂zα
+
(
iψ1 − iψ2 − log
√
det g
)
= −2∂zα
+
(
ϕ− + 2Φ
)
. (6.41)
Similarly, computing the modular classes of L∗1,2 valuated in e
α
+ we obtain
gαβ¯∂
zβ¯
+
(
iψ1 − iψ2 − log det√g
)
= −2gαβ¯∂
zβ¯
+
(
ϕ− + 2Φ
)
(6.42)
From where we may assume
iψ1 − iψ2 − log det√g = −2
(
ϕ− + 2Φ
)
. (6.43)
Similarly, by valuating the modular classes in e−α and e
α
− we obtain:
log
√
det g − iψ1 − iψ2 = 2
(
ϕ+ + 2Φ
)
(6.44)
and comparing with (6.43) we obtain:
ψ1 = i
(
ϕ± − ϕ∓
)
, ψ2 = i
(
ϕ+ − ϕ−) . (6.45)
We finish this section by summarizing the relations between all the global sections
found so far. On the bihermitian setup we have the holomorphic volume forms Ω±
defined in (6.30) and the corresponding covariantly constant forms ζ± defined in
(6.31), these latter are global sections of detT ∗1,0± . On the generalized Calabi-Yau
metric setup we have the pure spinors ρ1,2 and the sections ζ1,2 of detL1,2
∗ defined
by (6.4). We see that under the dual of the isomorphism (5.2) the sections ζ± are
mapped to sections of detL±∗1 , we can write them locally as
ζ± = eη
±
e1± ∧ . . . en±, 2n = dimM. (6.46)
It follows from (6.45), (6.19) and (6.29) that the sections ζ1,2 are given by e
η++η−
and eη
+−η− respectively.
7. N = 2, 2 superconformal structure
In this section we state and proof the main Theorem of this article. We start
by associating to each pure spinor ρ1,2 of (M,J1,2) a global section of U ch(E). We
find the explicit description of these sections in terms of the covariantly constant
forms (6.31) in the bihermitian setup.
Let (M,J ) be a generalized complex manifold and let ρ be a pure spinor. Let
L be the corresponding Lie algebroid (the i-eigenbundle of J ). Recall that ρ gives
rise to a global section ζ ∈ C∞(detL∗) given by (6.4). Let {ei} be a local frame
for L and {ei} be the dual frame. We can write ζ locally as
ζ = eηe1 ∧ . . . en, n = dimM. (7.1)
The following Lemma is proved as in [16, Lem 5.1]
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Lemma 1. The local section
J =
i
2
∑
i
eiei + iT η , (7.2)
gives a well defined global section of U ch(E).
Remark 4. Integrability of L is not used in the proof of this Lemma, so we may
replace J by a generalized almost complex structure such that detL∗ is trivial. The
section ζ can be any non-vanishing section of detL∗.
Let now (M,J1,2) be a generalized Calabi-Yau metric manifold with pure spinors
ρ1,2. Let ζ
± be the corresponding global sections of detL±1
∗
written as in (6.46).
Recall that the global sections ζ1,2 of detL
∗
1,2 defined by the pure spinors ρ1,2 are
given in these frames by eη
++η− and eη
+−η− . The global sections J1 and J2 of
U ch(E) constructed by Lemma 1 give rise to global sections
J± =
i
2
∑
i
ei±e
±
i + iT η
± . (7.3)
Remark 5. We remark here than unlike the usual Calabi-Yau case with H =
0, where the quantum corrections to the local fields eα±e
±
α are given by a global
holomorphic volume form, in this more general case, the relevant global sections
of detT ∗1,0± are not given by the holomorphic expressions (6.30) but rather the
covariantly constant ones (6.31), where the dilaton correction appears explicitly.
Let us now recal the main theorem of [16] in a slightly more general form.
Theorem 1 ([16, Thm 5.5]). Let (M,J ) be a generalized Calabi-Yau manifold.
Let {ei} be a local frame for the associated Lie algebroid L and let {ei} be the dual
frame. Let ζ ∈ C∞(detL∗) be a global section written as (7.1) and let J be the
corresponding global section of U ch(E) given by Lemma 1. The following is true3.
(1)
[JΛJ ] = −
(
H +
c
3
λχ
)
, c = 3dimM (7.4)
where
H = H0 − iTJDη = 1
4
[
ei
(
ej [ei, ej ] + ei
(
ej[e
i, ej]
)]− i
2
TJ [ei, ei]−
1
2
(
eiSe
i + eiSei
)− iTJDη (7.5)
(2) The fields J and H generate the N = 2 superconformal vertex algebra of
central charge c.
Proof. Define J0 = J − iT η. In [16] it was proved that in the coordinate system
where the global section of detL∗ is constant then the fields J0 and H0 generate a
copy of the N = 2 superconformal algebra. Since we will have to deal below with
generalized Calabi-Yau metric manifolds, where there are two generalized complex
structures and therefore two global spinors, we need to keep track of the fields J in
a more general coordinate system. We compute
[iT ηΛJ0] =
1
2
λ
(
η,iei − η,iei
)
= − i
2
λJ (η,iei + η,iei) = −iλJDη. (7.6)
3Here H is a section of Uch(E) and should not be confused with the three form defining E.
We keep this notation so that it agrees with previous literature.
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By skewsymmetry we obtain
[JΛiT η] = i(λ+ T )JDη. (7.7)
Combining (7.7) and (7.6) we obtain (7.5). The theorem follows from [16, Thm
5.5] since J and H are just expressions for J0, H0 in a more general coordinate
system. 
Let now (M,J1,J2) be a generalized Calabi-Yau metric manifold. Choose frames
{e±α} for the Lie algebroids L±1 with dual frames {eα±}. Let (M, g, J±) be the
associated bihermitian manifold, and let (6.46) be the local expressions for the
global sections of detL±1
∗
. Recall that in terms of the bihermitian data we have
η± = ϕ± + 2Φ (7.8)
where Ω± = eϕ
±
dz1± ∧ · · · ∧ dzn± are the global holomorphic volume forms (6.30)
and Φ is the dilaton. We have the global sections (7.3) of U ch(E).
Theorem 2. The sections J± generate two commuting copies of the N = 2 super-
conformal vertex algebra of central charge c = 32 dimM . More precisely, defining
H± =
1
4
(
eα±
(
e±β [e
±
α , e
β
±]
)− eα±(eβ±[e±α , e±β ])+ e±α (eβ±[eα±, e±β ])− e±α (e±β [eα±, eβ±]))
+
1
2
(
eα±Se
±
α + e
±
αSe
α
±
)− iT
2
J±[eα±, e±α ]− iTJ±Dη± , (7.9)
where J± = 12 (J1 ± J2), we obtain the commutation relations:
[J±ΛJ
±] = −
(
H± +
c
3
λχ
)
, [J±ΛJ
∓] = 0,
[H±ΛJ
±] = (2T + 2λ+ χS)J±, [H±ΛJ
∓] = 0,
[H±ΛH
±] = (2T + 3λ+ χS)H± +
c
3
λ2χ, [H±ΛH
∓] = 0,
(7.10)
Proof. The proof of the Theorem will consist on 4 parts. First we will show that
the two sectors commute, that is
[J+ΛJ
−] = 0. (7.11)
In the second part we will identify the superconformal vector in each sector, namely
we will compute H± given by the first equation in (7.10). In the third part we will
use the main Theorem of [16], namely that each J1 = J
+ + J− and J2 = J
+ − J−
generate a copy of the N = 2 superconformal vertex algebra of central charge
3 dimM . The superconformal vector of these algebras coincide and we will identify
it with H++H−. After this, the theorem will follow by an application of the Jacobi
identity of conformal algebras.
(1) Commuting sectors
[eα−ΛJ
+] = − i
2
(
dβαγ e
γ
+
)
e+β −
i
2
(
eβαγ e
γ
−
)
e+β +
i
2
eβ+
(
dγαβ e
+
γ
)
+
i
2
eβ+
(
eαβγe
γ
−
)
+ i(λ+ T )η+,α
− − iλdβαβ =
=
i
2
(
eαβγ
(
eβ+e
γ
−
)
− eγαβ
(
eβ−e
+
γ
))
+ i(λ+ T )
(
η+,α
− − dβαβ
)
(7.12)
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where we used quasi-associativity in the last line. According to (6.38) the
last term vanishes, and using skew symmetry we obtain:
[J+Λe
α
−] =
i
2
(
eαβγ
(
eβ+e
γ
−
)
− eγαβ
(
eβ−e
+
γ
))
. (7.13)
Similarly we compute
[e−αΛJ
+] =
i
2
(
eβγα e
−
γ
)
e+β +
i
2
(
dβγαe
γ
+
)
e+β −
i
2
eβ+
(
dγβαe
+
γ
)
− i
2
eβ+
(
eγβαe
−
γ
)
+
iλdββα + i(λ+ T )η
+
,α− =
i
2
(
eβγα
(
e−γ e
+
β
)
− eβγα
(
eγ+e
−
β
))
+ i(λ+ T )
(
dββα + η
+
,α−
)
, (7.14)
and the last term vanishes because of (6.37). Using skew-symmetry we
obtain:
[J+Λe
−
α ] =
i
2
(
eβγα
(
e−γ e
+
β
)
− eβγα
(
eγ+e
−
β
))
. (7.15)
We also need
[Tη−ΛJ
+] = −λ i
2
(
η−,α
+
e+α − η−,α+eα+
)
, (7.16)
and from skewsymmetry:
[J±ΛiT η
−] = −1
2
(λ + T )
(
η−,α
+
e+α − η−,α+eα+
)
. (7.17)
Combining (7.17), (7.15) and (7.13) we obtain
[J+ΛJ
−] = −1
4
(
eαβγ
(
eβ+e
γ
−
)
− eγαβ
(
eβ−e
+
γ
))
e−α+
+
1
4
eα−
(
eβγα
(
e−γ e
+
β
)
− eβγα
(
eγ+e
−
β
))
− 1
2
(λ + T )
(
η−,α
+
e+α − η−,α+eα+
)
− 1
4
∫ Λ
0
[
eαβγ
(
eβ+e
γ
−
)
− eγαβ
(
eβ−e
+
γ
)
Γ
e−α
]
dΓ (7.18)
The integral term can be easily evaluated to be
− λ
2
(
eαβαe
β
+ + e
βα
α e
+
β
)
, (7.19)
which cancels the λ-term in (7.18) due to (6.37) and (6.38). Using quasi-
associativity we can write the first two terms of (7.18) (the cubic terms)
as:
− 1
2
T
(
eβαα e
+
β + e
α
βαe
β
+
)
=
1
2
T
(
η−,β
+
e+β − η−,β+eβ+
)
(7.20)
Combining (7.20), (7.19) and (7.18) we obtain (7.11).
(2) Superconformal vectors. Wemay work with the frames (5.14) and (5.15)
where c±αβγ = 0.
[e+αΛJ
+] =
i
2
(
dβγα e
−
γ − dβαγeγ−
)
e+β+
iχe+α + i(λ+ T )η
+
,α+ +
i
2
∫ Λ
0
[(
dβγα e
−
γ − dβαγeγ−
)
Γ
e+β
]
dΓ (7.21)
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The integral term clearly vanishes. Using quasi-associativity we obtain
[e+αΛJ
+] =
i
2
(
dβγα (e
−
γ e
+
β )− dβαγ(eγ−e+β )
)
+ iχe+α + i(λ+ T )η
+
,α+ , (7.22)
and with skew-symmetry this reads:
[J+Λe
+
α ] =
i
2
(
dβγα (e
−
γ e
+
β )− dβαγ(eγ−e+β )
)
− i(χ+ S)e+α − iλη+,α+ . (7.23)
Similarly we compute
[eα+ΛJ
+] =
i
2
eβ+
(
dαβγe
γ
− − dαγβ e−γ
)
− iχeα+ + i(λ+ T )η+,α
+
=
i
2
(
dαβγ(e
β
+e
γ
−)− dαγβ (eβ+e−γ )
)
− iχeα+ + i(λ+ T )η+,α
+
(7.24)
and using skew-symmetry:
[J+Λe
α
+] =
i
2
(
dαβγ(e
β
+e
γ
−)− dαγβ (eβ+e−γ )
)
+ i(χ+ S)eα+ − iλη+,α
+
. (7.25)
We also need
[iT η+ΛJ
+] =
λ
2
(
η+,α
+
e+α − η+,α+eα+
)
, (7.26)
from where we get
[J+ΛiT η
+] = −1
2
(λ+ T )
(
η+,α
+
e+α − η+,α+eα+
)
. (7.27)
We can now compute using the non-commutative Wick formula:
[J+ΛJ
+] = −1
4
(
dαβγ(e
β
+e
γ
−)− dαγβ (eβ+e−γ )
)
e+α +
1
4
eα+
(
dβγα (e
−
γ eβ)− dβαγ(eγ−e+β )
)
− 1
2
(
(χ+ S)eα+
)
e+α −
1
2
eα+(χ+ S)e
+
α +
1
2
λ
(
η+,α
+
e+α − η+,α+eα+
)
− 1
2
(λ+ T )
(
η+,α
+
e+α − η+,α+eα+
)
− 1
4
∫ Λ
0
[
dαβγ(e
β
+e
γ
−)− dαγβ (eβ+e−γ )Γe
+
α
]
dΓ− 1
2
∫ Λ
0
[
(χ+ S)eα+Γe
+
α
]
dΓ (7.28)
Since the fields e+α and e
α
+ are odd, we see that the χ-terms vanish. The
integral terms are easily evaluated:
1
2
λ
(
dααβe
β
− − dαβα e−β
)
− 1
2
λ[eα+, e
+
α ]−
1
2
χλdimM = −1
2
λχ dimM. (7.29)
Therefore the λ-terms in (7.28) vanish. Using quasi-associativity we can
write the first two terms of (7.28) as
− 1
2
eβ+
(
e+α [e
+
β , e
α
+]
)− T
2
(
dαβα e
−
β − dααβeβ−
)
. (7.30)
Collecting terms and using quasi-commutativity we obtain
[J+ΛJ
+] = −1
4
(
eα+
(
e+β [e
+
α , e
β
+]
)
+ e+α
(
eβ+[e
α
+, e
+
β ]
))
− 1
2
(
eα+Se
+
α + e
+
αSe
α
+
)− 1
2
T
(
η+,α
+
e+α − η+,α+eα+
)
− 1
2
λχ dimM . (7.31)
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Which in this frame coincides with the first equation of (7.10). A simi-
lar computation holds in the minus sector. The computation in the more
general frame where c±γαβ 6= 0 is similar.
(3) The diagonal embedding.
Since the manifold (M,J1) is generalized Calabi-Yau, Theorem 1 says that
J1 = J
++J− generates an N = 2 superconformal vertex algebra of central
charge c = 3dimM . The superconformal vector is given by (7.5), where
{ei} is a frame for L1 and {ei} is the dual frame. We can consider the
frame given by {e+α}∪{e−α} and their corresponding dual frames. Similarly
the section J2 = J
+ − J− generates another N = 2 superconformal vertex
algebra of central charge c = 3dimM . The superconformal vector is given
by an expression like (7.5) where we now use the frame for L2 given by
{e+α} ∪ {eα−}. We want to show that this field H is actually H+ +H−.
Recall that we have chosen the section
e4Φ+ϕ
++ϕ−e1+ ∧ · · · ∧ en+ ∧ e1− ∧ · · · ∧ en− = eη
++η−e1+ ∧ · · · ∧ en+ ∧ e1− ∧ · · · ∧ en−
of detL∗1. In the frame {e+α} ∪ {e−α} for L1, and using the expressions in
(5.14) and (5.15) such that c±γαβ = 0 we have:
H1 =
1
4
(
eα+
(
eβ−[e
+
α , e
−
β ]
)
+ eα−
(
eβ+[e
−
α , e
+
β ]
)
+ e+α
(
e−β [e
α
+, e
β
−]
)
+ e−α
(
e+β [e
−
α , e
β
−]
))− T
2
(
dααβe
β
− + d
αβ
α e
−
β − eαβαeβ+ − eβαα e+β
)
+
1
2
(
eα+Se
+
α + e
α
−Seα− + e
+
αSe
α
+ + e
−
αSe
α
−
)− iTJ1D(4Φ + ϕ+ + ϕ−) (7.32)
The first term can be written as
1
2
(
eα+
(
e+β [e
+
α , e
β
+]
)
+ eα−
(
e−β [e
−
α , e
β
−]
))
, (7.33)
while the second term is
− T
2
(
η+,β
−
e−β − η+,β−eβ− + η−,β
+
e+β − η−,β+eβ+
)
= iTJ1D
(
η+ + η−
)
+
T
2
(
η+,β
+
e+β − η+,β+eβ+ + η−,β
−
e−β − η−,β−eβ−
)
(7.34)
From where we easily see H1 = H
+ + H−. We can perform a similar
computation using the global section
eϕ
+−ϕ−e1+ ∧ · · · ∧ en+ ∧ e−1 ∧ · · · ∧ e−n = eη
+−η−e1+ ∧ · · · ∧ en+ ∧ e−1 ∧ · · · ∧ e−n
of detL∗2 and the frame {e+α} ∪ {eα−} of L2 to obtain that H2 = H1 =
H+ +H−.
(4) The N = 2, 2 algebra.
The Theorem follows from the following Lemma that in turn is a application
of the Jacobi identity for SUSY Lie conformal algebras [14, Proof of Thm
6.2]:
Lemma 2. Let J+ and J− be two commuting superfields satisfying
[J±ΛJ
±] = −
(
H± +
c
3
λχ
)
, (7.35)
for some c ∈ C and some odd fields H±. Let H = H+ + H− and sup-
pose moreover that both pairs (J++J−, H) and (J+−J−, H) generate the
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N = 2 superconformal vertex algebra of central charge 2c. Then the quadru-
ple J±, H± generates two commuting copies of the N = 2 superconformal
vertex algebra of central charge c.

Example 4. In the usual Calabi-Yau case, these two commuting structures agree
with the ones constructed in [14]. Indeed in this case we have that both hermitian
complex structures agree J+ = J− = J and we can therefore choose a holomorphic
coordinate system for both {zα±} = {zα}. Note also that we may work in the
coordinates where the holomorphic volume form is constant. In this coordinate
system, the sections H± and J± can be written as:
J1 := J
+ + J− = iSBαΨα − iSBα¯Ψα¯,
J2 := J
+ − J− = ωαβ¯ΨαΨβ¯ + ωαβ¯SBαSBβ¯,
H := H+ +H− = SBiSΨi + TB
iΨi,
H ′ := H+ −H− =
(
Γαεγg
εβ¯SBγ
) (
Ψβ¯Ψα
)
+ gαβ¯SΨαΨβ¯
+
(
Γβ¯ε¯γ¯g
αε¯SBγ¯
) (
ΨαΨβ¯
)
+ gαβ¯ΨαSΨβ¯
+ gαβ¯TB
αSBβ¯ + gαβ¯SB
αTBβ¯.
(7.36)
8. Half-twisted model
In this section we study the topological twist of the N = 2 algebras described in
the previous section. We first recall the double complex computing the generalized
Hodge decomposition of a generalized Ka¨hler manifold [12].
Let (M,J1,J2) be a generalized Ka¨hler manifold. J1 induces a decomposition
of forms into its eigenspaces (3.2). Since J2 also acts on ∧•T ∗ via the spin repre-
sentation and commutes with the action of J1, Uk in turn is decomposed as
Uk = Uk,|k|−n ⊕ Uk,|k|−n+2 ⊕ · · · ⊕ Uk,n−|k|, (8.1)
where Up,q is the intersection of the ip-eigenspace of J1 and the iq-eigenspace of
J2.
Recall that, with respect to J1, the (H-twisted) de Rham differential decomposes
as dH = ∂1 + ∂1, and these differentials act on
C∞(Uk)
∂1 // C∞(Uk+1)
∂1
oo . (8.2)
This decomposition is further refined by the action of J2 into
dH = δ+ + δ− + δ+ + δ−, (8.3)
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with these operators defined by:
Up−1,q+1 Up+1,q+1
Up,q
∂1 //
∂1
oo
∂2
OO
∂2

δ−
ddIIIIIIIII
δ+
::uuuuuuuuu
δ+zzuu
uu
uu
uu
u
δ−
$$I
II
II
II
II
Up−1,q−1 Up+1,q−1
(8.4)
where ∂1 = δ+ + δ− and ∂2 = δ+ + δ−. This decomposition implies:
Proposition 8 (generalized Ka¨hler identities.). For a generalized Ka¨hler structure,
we have the identities
δ
∗
+ = −δ+ and δ
∗
− = δ−.
Obtaining thus the following relation between all available Laplacians:
∆dH = 2∆∂1/2 = 2∆∂1/2 = 4∆δ± = 4∆δ± . (8.5)
Note that by acting on ρ1 we obtain an isomorphism of sheaves:
Up,q ≃ ∧rL+1 ⊗ ∧sL−1 , p+ q + n = 2r, p− q + n = 2s (8.6)
and similarly applying to ρ2 we obtain:
Up,q ≃ ∧rL+1 ⊗ ∧sL−1 , p+ q + n = 2r, q − p+ n = 2s . (8.7)
In the generalized Calabi-Yau metric case, these isomorphisms are in fact isomor-
phisms of bi-complexes. Indeed since L±1 are closed under the Lie bracket, we have
dL1 = dL+
1
+ dL−
1
. Since we know that under (8.6) the differential ∂1 is mapped to
dL1 , by degree considerations we obtain δ± is mapped to dL±
1
. We arrive to
Proposition 9. On a generalized Calabi-Yau metric manifold, the isomorphisms
(8.6) and (8.7) are isomorphisms of bicomplexes. The corresponding spectral se-
quences are degenerate at E2 and, in the case of compact M , converge to the H-
twisted de Rham cohomology of M .
The last statement in the above proposition is true for the complex U•,• on any
compact generalized Ka¨hler manifold [12].
We are now in position to study an affine generalization of all of these complexes.
For the moment we let (M,J1,J2) be a generalized Calabi-Yau metric manifold.
In the vertex algebra of global sections of U ch(E) there are several bigradings
corresponding to different choices of conformal vectors and U(1) currents. In the
previous sections, in order to accomodate supersymmetry, it was natural to consider
the Virasoro field arising from the decomposition:
H(z, θ) = H1 = H
+ +H− =
(
G+(z) +G−(z)
)
+ 2θL(z) . (8.8)
With respect to this field, the basic fermions e±α and e
α
± are of conformal weight
1/2. We may consider different U(1) currents giving rise to different charge decom-
positions.
We will now perform what is called a topological twist. This consists of chang-
ing the conformal weights and U(1)-charge of the fields by considering different
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Virasoro and U(1)-currents. Since we have two commuting copies of the N = 2 su-
perconformal algebra, we may perform this twisting in each sector (plus or minus)
independently. For a given N = 2 structure (J,H) we may consider the operator
L0 =
1
2
(
H(1|0) ± iJ(0|1)
)
, (8.9)
which acts diagonally and its eigenvalues will be called the conformal weights of
the corresponding states. The eigenvalues of J0 := −iJ(0|1) will be called charge.
We obtain two possible twistings by choosing different signs in (8.9).
Since we have two commuting copies of the N = 2 superconformal algebra in
U ch(E), we may use either the same or different signs in the plus or minus sector.
It is customary to call the former an B-twist, and the latter a A-twist. Consider
the operators
L±0 :=
1
2
(
H±(1|0) + iJ
±
(0|1)
)
J±0 := −iJ±(0|1)
Q±0 :=
1
2
(
H±(0|1) + iJ
±
(0|0)
)
G±0 :=
1
2
(
H±(0|1) − iJ±(0|0)
) (8.10)
Proposition 10. Consider the embedding i : U•,• →֒ U ch(E) obtained by composing
(8.6) with the obvious embedding ∧•L1 →֒ U ch(E). We have
Q±0 ◦ i = i ◦ δ±. (8.11)
Similarly, consider the embedding j : U•,• →֒ ∧•L2 ⊂ U ch(E), we obtain
Q+0 ◦ j = j ◦ δ+, G−0 ◦ j = j ◦ δ− (8.12)
Proof. Since (M,J1) is generalized Calabi-Yau, the map (6.2) is an isomorphism
of complexes. The differential ∂1 = δ+ + δ− is mapped therefore to dL1 . A simple
computation [16] shows that QB0 := Q
+
0 +Q
−
0 equals dL1 when restricted to ∧•L1 =
∧•L+1 ⊗ ∧•L−1 . The latter bigrading coincides with the one by eigenvalues of J±0 .
Since Q±0 increases the degree of the ∧•L±1 component, we obtain (8.11) by degree
considerations. (8.12) follows in the same way by using J2 in place of J1. 
Remark 6. Note that by considering the complex conjugate embeddings i¯ and j¯ we
would obtain
G±0 ◦ i¯ = i¯ ◦ δ±, Q−0 ◦ j¯ = j¯ ◦ δ− G+0 ◦ j¯ = j¯ ◦ δ+ (8.13)
Remark 7. The identification of the operators Q±, G± with the differentials δ±
and δ± under certain embeddings of differential forms into the chiral-anti-chiral de
Rham complex, shows that the full infinite dimensional Lie algebra given by the
Fourier modes of the superfields H±, J± should be viewed as an affine, or super-
conformal version of the generalized Ka¨hler identities in the generalized Calabi-Yau
case.
Note that in order to define the bigradings by eigenvalues of L±0 and J
±
0 and the
differentials Q±0 and G
±
0 , we only need the zero modes of the fields H
±, J± and not
the full superconformal algebra. It is easy to see that these zero modes are well
defined on any generalized Ka¨hler manifold since the quantum corrections involve
derivatives of fields (7.2). We can therefore define:
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Definition 9. Let (M,J1,J2) be a generalized Ka¨hler manifold. We define the
chiral de Rham complex of M as the sheaf of super-vertex algebras given by the
cohomology of the chiral-anti-chiral de Rham complex:
ΩchM := H
∗
(
U ch(E), Q+0
)
. (8.14)
The sheaf ΩchM is to U
ch(E) what the holomorphic chiral de Rham complex of [20]
is to the smooth chiral de Rham complex. In particular, we can give a description
in terms of generators and relations just as in the usual case of [20]. Recall that
for a complex manifold M we may define a holomorphic Courant algebroid E just
as in the smooth setting. The definition of U ch(E) carries over without change to
this case. In particular, when E = TC ⊕ T ∗C is the standard Courant algebroid we
obtain the usual holomorphic chiral de Rham complex.
For a generalized complex manifold M , there is no such a notion as holomorphic
tangent bundle TC, so a priori there is no obvious way of constructing the analog
of the holomorphic chiral de Rham complex. However, for a generalized Ka¨hler
manifold M we have the following analog of TC. As mentioned above, since L
±
1 are
closed under the Lie bracket, we may decompose dL1 = dL+
1
+ dL−
1
. We have the
bicomplex
∧p,q L1 := ∧pL+1 ⊗ ∧qL−1 (8.15)
Define
Ωq = kerdL+
1
: ∧0,qL1 → ∧1,qL1 . (8.16)
A variation of the standard ∂-lemma gives
Proposition 11. The following is a resolution of Ωq:
Ωq → ∧0,qL1
d
L
+
1−−−→ ∧1,qL1
d
L
+
1−−−→ ∧2,qL1
d
L
+
1−−−→ . . . (8.17)
Similarly we may define Θq := ker d∗
L+
1
: ∧0,qL1 → ∧1,qL1. We have by restriction
a non-degenerate pairing
Θq ⊗ Ωq → O := Ω0 ≃ Θ0 ⊂ C∞(M). (8.18)
The sheaf O is a sheaf of rings on M and it will play the role of the structure
sheaf on a generalized Ka¨hler manifold. The sheaves Θp and Ωp are sheaves of
O-modules and (8.18) is O-bilinear. The sheaf E := Θ1 ⊕ Ω1 will play the role of
the holomorphic Courant algebroid. In particular, we have by restriction of the
usual operations a differential D : O → E , and we can define as always actions of
of sections of E into sections of O by4
π(X) · f := 2〈X,Df〉 (8.19)
Finally note that we have a well defined Dorfman bracket [·, ·] : E ⊗ E → E , and
that we can define the Courant bracket by (3.1). The following is straightforward
Proposition 12. The data (E ,D, 〈·, ·〉) satisfies (2)-(5) of Definition 2.
We now arrive to the following description of ΩchM .
4This definition seems circular, but it agrees with the restriction of the usual smooth action.
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Theorem 3. Let (M,J1,J2) be a generalized Ka¨hler manifold and let (E ,D,O)
be as above. The sheaf Ω(E) is the sheaf of SUSY vertex algebras generated by
functions i : O →֒ ΩchM and sections of E declared to be odd, j : ΠE →֒ ΩchM subject
to the relations (1)-(5) of Proposition 2.
Proof. Let Ω˜chM be the sheaf described by the Theorem. The fact that Ω˜
ch
M is a
well defined sheaf of SUSY vertex algebras is proved in the same way as in the
usual smooth case. Note that we have an obvious inclusion Ω˜chM →֒ U ch(E) given
by the inclusions O ⊂ C∞(M) and E ⊂ E. Moreover, since Q+0 acts as dL+
1
in the
restriction ∧•L1 →֒ U ch(E) and also in the restriction ∧•L2 →֒ U ch(E) we see that
Ω˜chM ⊂ kerQ+0 . Note also that from
[G+0 , Q
+
0 ] = L
+
0 , (8.20)
we see that the cohomologies in (8.14) are concentrated in conformal weight zero.
Let U ch(E)0 be the kernel of L
+
0 . Note that the spectrum of J
+
0 is non-negative on
U ch(E)0. Indeed, the basic fields of negative charge −1 are sections of L+1 , which
in turn have positive conformal weight 1 with respect to L+0 . We clearly have
Ω˜chM ⊂ kerJ+0 ∩ kerQ+0 . (8.21)
therefore we have a map Ω˜chM →֒ ΩchM . We can check that it is an isomorphism
locally. Let
Ω
p
:= kerdL−
1
: ∧p,0L1 → ∧p,1L1. (8.22)
As in the usual complex geometry case, we have that (Ω
•
, dL+
1
) is a resolution of
C. We can locally write
U ch(E)0 = Ω˜
ch
M ⊗ Ω
•
(8.23)
where the grading on the left is by J+0 -charge and agrees with the grading on the
right. The differential Q+0 acts as 1⊗ dL+
1
and the result follows. 
Corollary 1. The cohomology in (8.14) is concentrated in degree zero, namely,
U ch(E)0 is a resolution of Ω
ch
M .
Example 5. Consider a usual Ka¨hler manifold as in Example 2. The sheaf ΩchM is
isomorphic to the holomorphic chiral de Rham complex constructed in [20]. Indeed,
in this case we have the that both hermitian complex structures agree J = J+ = J−.
We have natural isomorphisms then
L+1 ≃ T ∗0,1, L−1 ≃ T ∗1,0 (8.24)
Recall from Proposition 10 that Q+0 gets identified with with δ+ = dL+
1
which in this
case is the usual operator ∂. If we exchange J1 and J25 then we see that Ω1 = T ∗C
is the holomorphic cotangent bundle, Θ1 = TC is the holomorphic Tangent bundle
and O is the sheaf of holomorphic functions onM . Theorem 3 gives an isomorphism
of ΩchM with the holomorphic chiral de Rham complex constructed in [20].
Remark 8. In the usual Ka¨hler case, we have by Theorem 3 an embedding ΩchM ⊂
U ch(E). On the other hand, there is an obvious embedding of the holomorphic
chiral de Rham complex of [20] into the smooth chiral de Rham complex U ch(E)
given by the inclusions TC ⊂ T ⊗ C, T ∗C ⊂ T ∗ ⊗ C and O ⊂ C∞(M). These two
inclusions are not the same. In fact they are an affine analog of the fact that the
5This is to have the same signs as in the rest of this section
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decomposition of cohomology given by (8.4) is not the Dolbeaut decomposition but
rather an orthogonal transformation of it [12].
Remark 9. Since the zero mode J−0 is well defined on any generalized Ka¨hler man-
ifold, the sheaf ΩchM carries a grading given by fermionic charge. In the description
of Theorem 3 the sections of Ω1 have charge +1 while the sections of Θ1 have charge
−1.
Remark 10. One should view (E ,D, 〈·, ·〉) as a Courant-Dorfman algebra over O
[21]. From this perspective, theorem 3 is nothing more than the SUSY vertex algebra
that one can trivially attach to any such algebra.
Remark 11. From Remark 9 and Corollary 1 it is natural to define a chiral analog
of the Hodge decomposition as the sheaf cohomology
Hp,qch (M) = H
q
(
Ωch,pM
)
, (8.25)
where Ωch,pM is the component of charge p with respect to J
−
0 .
There are several subtleties in defining (8.25). First, we need to show that just
as in the usual case, ΩchM carries a filtration such that the succesive quotients are
(finitely presented) sheaves of O-modules. This is done in parallel to the usual
case. Having done so, one needs to develop the cohomology theory of sheaves of
O-modules on generalized Ka¨hler manifolds. This is easily done in the bihermitian
setup as explained below. We will not pursue this further in this article. We point
however that Corollary 1 would imply a chiral version of the de Rham Theorem:
Hp,qch (M) =
kerQ+0 : U
ch(E)p,q → U ch(E)p,q+1
imQ+0 : U
ch(E)p,q−1 → U ch(E)p,q , (8.26)
where U ch(E)p,q is consists of sections with charge p (resp. q) with respect to J−0
(resp. J+0 ). In the usual Ka¨hler and non-supersymmetric case, one should compare
this result to those of [6].
The description of ΩchM in terms of “holomorphic” data is much easily done in
the bihermitian setup. It will be useful to replace Ji with −Ji for simplicity (see
the signs in Example 2). We have isomorphisms (5.2):
L1 ≃ T ∗0,1+ ⊕ T ∗0,1− , (8.27)
Under this identification the differential dL1 = ∂+ + ∂−. It follows by definition
then that we have natural isomorphisms
O ≃ O+, Ω1 ≃ T ∗C,+, Θ1 ≃ TC,+ (8.28)
where O+ (resp. T ∗
C,+, TC,+) is the sheaf of holomorphic functions (resp. holomor-
phic cotangent bundle, holomorphic tangent bundle) with respect to J+. Recall
(Prop. 4) that H is of type (2, 1) + (1, 2) with respect to J+. Let H+ be its (2, 1)
component. We see that
0→ T ∗C,+ → E → TC,+ → 0 (8.29)
is naturally a holomorphic exact Courant algebroid in the complex manifold (M,J+).
It is the H+-twisting of the standard Courant algebroid. We arrive at the following
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Proposition 13. Let (M,J1,J2) be a generalized Ka¨hler manifold, and let (g, J±)
be the associated bihermitian data. The sheaf ΩchM is naturally isomorphic to the
sheaf of SUSY vertex algebras U ch(E) on the complex manifold6 (M,−J+) con-
structed as in Prop. 2, that is the holomorphic H+-twisted chiral de Rham complex
of (M,−J+).
Similarly, if we use Q− in place of Q+ in (8.14) we obtain a sheaf of SUSY
vertex algebras on the complex manifold (M,−J−), its holomorphic twisted chiral
de Rham complex.
Remark 12. Note that we may in fact construct 4-sheaves as half-twisted models
if we take as BRST differentials Q±0 or G
±
0 . The sheaves obtained using the latter
differentials are the anti-holomorphic counterparts to the sheaves described in Prop
13. In particular, in a usual generalized Ka¨hler manifold as in Example 2, we have
J+ = J− = −J and therefore the sheaf computed with either Q+0 or Q−0 coincides
with the usual holomorphic chiral de Rham complex of M as in [20] while the sheaf
computed with either G+0 or G
−
0 is the anti-chiral de Rham complex of M .
The following follows immediately from Theorem 2:
Proposition 14. Let (M,J1,J2) be a generalized calabi-Yau metric manifold.
Then the chiral de Rham complex ΩchM is a sheaf of topological vertex algebras,
i.e. there exists an embedding of the N = 2 superconformal vertex algebra into the
space of global sections of ΩchM . This algebra is generated by the cohomology classes
of the fields J− and H− constructed in Theorem 2.
Remark 13. Given this last proposition it is natural to define following [2] the
2-variable Elliptic genus of a compact generalized Calabi-Yau metric manifold M
as the supertrace
EllM (y, q) := y−dimM2 stH∗(Ω(E))yJ
−
0 qL
−
0 . (8.30)
However, the no-go theorems (for a review see [23] and references therein) state
that if M is compact then H = 0, in which case the dilaton vanishes in the fields
J±, H± and we reduce to the usual Calabi-Yau case.
We conclude this section by mentioning the different topological sectors of these
sheaves [16]. Let (M,J1,J2) be a generalized Calabi-Yau manifold.
(1) B-twist In this twist we consider the BRST charge QB = Q+ +Q−. The
complex (U ch(E), QB) is quasi-isomorphic to (∧•L1, dL1). If M is a usual
Calabi-Yau manifold with the generalized complex structures as in 2, the
cohomology of this complex is given by the Hochschild cohomology of M :
⊕Hp,pM
(2) A-twist Consider now the BRST differential QA = Q+ +G−. In this case
the complex (U ch(E), QA) is quasi-isomorphic to (∧•L2, dL2) and it the
usual Calabi-Yau case its cohomology is the de Rham cohomology of M .
9. Discussion
In the present article we described explicitly an N = 2, 2 structure on the chiral-
anti-chiral de Rham complex of a generalized Calabi-Yau metric manifold with
or without H-flux. We also studied the half-twisted model, and showed that it
6The sign change in J+ is due to the sign changes in the previous paragraph.
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can be described purely in terms of “holomorphic” data. In the course of doing
so we clarified some results scattered in the literature on generalized Calabi-Yau
metric manifolds, as well as produced some new interesting ones. In particular,
we showed in Section 6 how unimodularity of the Lie algebroids appearing in the
generalized geometry side, corresponds to the properties of traces of connections
on the bihermitian side. In the usual Calabi-Yau case, this corresponds to Ricci-
flatness.
This article generates some questions which would be interesting to address in
the future.
• The analog of the Clifford or Dolbeaut decomposition of cohomology makes
sense on any generalized complex manifold satisfying the ddc lemma [5].
Presumably one should be able to define the sheaf ΩchM in such cases.
• It would be interesting to match the discrepancy between the holomorphic
CDR of [20] and ΩchM as presented in Remark 8, with the results of [24] and
[18]. We suspect that this discrepancy corresponds to different choices of
Hamiltonians.
• The notion of holomorphic Courant algebroid, or Courant-Dorfman algebra
over O should be easy to define on any generalized Ka¨hler manifold. To
such objects one should be able to attach a vertex algebra in the same way
as in the smooth case.
• Although the notion of Elliptic genus in two variables seems not to give
anything new due to the no-go theorems of generalized complex geometry.
Presumably one could develop a theory of cohomologies with compact sup-
port or similar, to make sense of (8.30) in the non-compact case, where
H-flux will play a crucial role. Note however that the results of [6] should
be easily generalized in this setting to the generalized Ka¨hler case.
Appendix A. SUSY conformal algebras
Let h be super Lie algebra spanned by an odd element χ and an even element λ
such that [χ, χ] = −2λ and λ is central. Let H be its universal enveloping algebra.
We will consider another set of generators S,−T for the same algebra.
Definition 10. An NK = 1 SUSY Lie conformal algebra is a H-module R with
an operation [ Λ ] : R⊗R→ H⊗R of degree 1 satisfying:
(1) Sesquilinearity
[SaΛb] = χ[aΛb] [aΛSb] = −(−1)a (S + χ) [aΛb]
(2) Skew-Symmetry:
[bΛa] = (−1)ab[b−Λ−∇a]
Here the bracket on the right hand side is computed as follows: first com-
pute [bΓa], where Γ = (γ, η) are generators of H super commuting with Λ,
then replace Γ by (−λ− T,−χ− S).
(3) Jacobi identity:
[aΛ[bΓc]] = −(−1)a [[aΛb]Γ+Λc] + (−1)(a+1)(b+1)[bΓ[aΛc]]
where the first bracket on the right hand side is computed as in Skew-
Symmetry and the identity is an identity in H⊗2 ⊗R.
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Given an NK = 1 SUSY VA, it is canonically an NK = 1 SUSY Lie conformal
algebra with the bracket defined in (2.1). Moreover, given an NK = 1 Lie conformal
algebra R, there exists a unique NK = 1 SUSY VA called the universal enveloping
SUSY vertex algebra of R with the property that ifW is another NK = 1 SUSY VA
and ϕ : R →W is a morphism of Lie conformal algebras, then ϕ extends uniquely
to a morphism ϕ : V →W of SUSY VAs. The operations (2.1) satisfy:
• Quasi-Commutativity:
ab− (−1)abba =
∫ 0
−∇
[aΛb]dΛ
• Quasi-Associativity
(ab)c− a(bc) =
∑
j≥0
a(−j−2|1)b(j|1)c+ (−1)ab
∑
j≥0
b(−j−2|1)a(j|1)c
• Quasi-Leibniz (non-commutative Wick formula)
[aΛbc] = [aΛb]c+ (−1)(a+1)bb[aΛc] +
∫ Λ
0
[[aΛb]Γc]dΓ
where the integral
∫
dΛ is ∂χ
∫
dλ. In addition, the vacuum vector is a unit for the
normally ordered product and the endomorphisms S, T are odd and even derivations
respectively of both operations.
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